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DYNAMIC OPTIMIZATION OF PORTFOLIOS WITH TAIL CONDITIONAL 
EXPECTATION CONSTRAINTS 


ENYINNAYA EKUMA-OKEREKE* AND BRIGHT O. OSU 


Abstract. We consider an optimal portfolio problem subject to Tail Conditional Expectation (TCE) 
constraint. This problem is formulated as a constrained optimal stochastic control problem with or 
without consumption; where the financial market is composed of d-risky assets driven by geometric 
Brownian motion and one riskless asset. Explicit optimal strategies are derived using a combination of 
Hamilton -Jacobi-Bellman (HJ B) equation and the Lagrange multiplier. We deduced from our observations 
that the constraint imposed, reduces risky investment and that the TCE-constrained optimal investment 
is a multiple of the market price of risk and its volatility which is known as the relative risk tolerance in a 
risky markets. 


1. INTRODUCTION 


Markowitz pioneered the optimal portfolio problem based on the mean-variance 
approach where variance was substituted as a risk measure [10]. It is basically a single 
period model which makes a one-off decision at the beginning of the period and holds 
on until the end of the period. Later, [9] considered the continuous-time optimal 
portfolio models and stochastic control theory was employed to find the optimal 
strategies in environment where risks are controlled indirectly via the value function. 


Since the dawn of financial history, risk measurement has preoccupied financial market 
investors as well as the institutions involved. The search for a better risk measure has 
proven to be impractically complex. To this end, Value-at-Risk (VaR), a downside risk 
measure emerged as one of the most popular tools in measuring risk with regulatory 
authorities enforcing its use [1, 6, and 14]. The Value-at-Risk (VaR) is the maximum loss 
which can be expected ata given confidence level over a given time horizon. 


X >VaR | 


The conditional expectation of X given that E denoted by 


TCE “* = E((X /X > VaR **)) 


at confidence level 1 — a is called the Tail Conditional Expectation (TCE). 
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Both VaR and TCE are important measures of risks frequently encountered in the 
insurance and financial investment [12].Despite its widespread acceptance, VaR is 
known to possess unappealing features. [2] proposed an axiomatic foundation for risk 
measures; by identifying four properties that a reasonable risk measure should satisfy 
and provided a characterization of the risk measures satisfying these properties, which 
they called coherent risk measures. By these axioms, VaR is not coherent, as it does not 
satisfy the subadditivity property [1]. Tail Conditional Expectation (TCE), on the other 
hand, for continuous distribution is a coherent risk measure [5]. 


This paper is focused on dynamic portfolio problem with the aim of finding the optimal 
investment and consumption strategies. In the existing literature, investment and 
consumption strategies have received a considerable attention from various authors 
and are often studied in separate problems. This problem has been considered by [1] in 
a non-closed form solution. Here, we consider stochastic control problem with 
investment and with/without intermediate consumption. In addition, direct constrained 
market risk is also considered, which is asymmetric since individuals are naturally risk 
averse. We apply the TCE constraint while maximizing the investor’s logarithmic utility 
over consumption throughout the investment horizon and over the terminal wealth. We 
derived explicit optimal strategies using a combination of HJB-equation and the method 
of Lagrange multiplier. 


The paper is organized as follows: Section 2 gives the financial model of the market and 
description of the dynamics of asset portfolio. Section 3 introduces the control 
processes, Tail Conditional Expectation (TCE) risk measure used in this paper. In 
section 4, the optimization problem is stated and the optimal strategies obtained. 
Section 5 summarizes the paper with derivation of optimal conditions. 


2. FINANCIAL MODEL AND ITS FORMULATIONS 


We consider a Black-Scholes type of financial market with the following properties 
see [8]. Uncertainty is represented by a complete filtered probability space 


(Q, f.(f,), P)and throughout the paper, we denote by (f,)., the neutral filtration i.e. 
f, =0 {W (s)},0<s<t } where (w(.)) is a standard d-dimensional Brownian motion 
defined on this space with values in R°. The market consists of one riskless bond S, (1) 
and several risky assets S,(1) on the interval [0,7]. Their respective prices (5S, (r)) 


and (S, (1) 


O<tsT 


for i=1,..., d evolve according to the equations: 
dS (t)=rS (t)dt, oS (0) a1" , (1) 
dS (t)=S,(t)dé,(t), S,(0) = s,> 0 (2) 


O<t<T 


where 
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d 
d&(t) = udt + £ a ,dW (t), §, (0) =0,te¢[0,T]. 
For a e n , we denote by w (1)= (W,(r),....W, On a standard d-dimensional Brownian 


motion, i.e., a vector of d independent one-dimensional Brownian process, r the riskless 


interest rate, w = (w,,.... 44 iw the vector of stock-appreciation rates and o = (o the 


į Pat 
matrix of stock volatilities. The symbol (’ ) denotes transpose. Again, we assume that all 


coefficients in (1)-(2) are deterministic functions and satisfy: 
fel + el lear < (3) 
Let z,(t)be an admissible portfolio process, ie. z,(r)is the fraction of the wealth 


d 
invested into stock; at time + and the remaining fraction 1 - > z) Is invested into 


j=l 


bond. A non-negative, adapted process (c(r))r > 0 satisfying for the investment horizon 


T>0 c(t)dt <% a.sis called the consumption rate process [7]. The independent 
economic agent invests according to an investment strategy that can be described by 
the (d + 1)-dimensional, predictable process 

A(t) = (h(t)... h, (t), (4) 
where h,(t), i =1.., d denotes the number of stocks i held in the portfolio at time 
t,(i = Orefers to the bond ). The process h describes an economic investor’s portfolio as 


carried forward through time. The value of the investor’s wealth at time + is 
represented as 


d 


X(t) =A (4S, (4) + E h OS, O. (5) 


i=1 
Since h (t) and h,(t) represent the amount invested into bond and stock 


respectively, and as we work in self-financing portfolios, we have (5) rewritten as 


d d 


XK“) =1- 5 rO) + E r OS) (6) 


such that in differential terms (6) becomes 
dX *(t) = X Olr, ton (Ald + on" (Naw ()]- cat 


t>0, X“(0) =x, (7) 


t 
where A =(z,c)is the control process, 4 = o ‘(uw - 71). By putting v(t) = which 
X (t) 


implies that c(t)=v()X ^) and we can rewrite the differential of the wealth process as: 


dX (t) =X |(r+ o "A-vat + o aw o) (8) 
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3. CONTROL PROCESSES AND TAIL CONDITIONAL EXPECTATION (TCE) RISK 
MEASURE 


Definition 1: Let + e [0,7] be a fixed financial horizon. A stochastic control process 


A=(A(t))¢ > 0 =(x(2), v(t)),t = 0 is called admissible if it is (f,)_Ţ7 adapted with values in 


t/t20 


x “xx * for which equation (8) has a unique strong a.s. positive solution (x ^())t > 0 


satisfying 
Ep ((r(u))? + v(u) du <œ. (9) 


We denote by a the class of all admissible control processes. By ito’s formula, for 
every A e A(0) , equation (8) has the solution: 


t 


X “=xexp as a(u)du + [. On "(u)dW (u) u >20 (10) 
0 0 
where 


1 2 
a(u) = r-v+ or Aà- —lor ),uz0 
2 


Definition 2: Given some probability level « e (0,1) and given a time horizon, + > 0, 
the Value-at-Risk (VaR) of time of a portfolio x “(+) at a confidence level 1 — @ is given 
by 

VaR “" (t) = inf {L> 0:P(X ^- X “(4+ 7)2 LIF, )< a} 


=-Q*"(t) (11) 


where 


7 [Lem P(X a+r) -XO <Z/f,)1 
Q ` (t) = Sup 4 ? 


(S4 J 
is the quantile of the projected wealth surplus at the horizon < [6]. Var * is therefore the 


loss wealth at the horizon z which could be exceeded only with a small conditional 


a,x 


probability a if the current portfolio were kept unchanged. The fact Var “''(t) is 
computed under the assumption that the current portfolio is kept unchanged reflects 
the actual practice and the fact that the financial institutions monitoring their 
investment do not typically know the investors’ future portfolio choices overVaR 
horizon. The Measure ofVaR in (11) only requires the knowledge of the current 


portfolio value, the current asset and the conditional distribution of asset returns. 
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Proposition 1 


VaR (4) re O°“(t= 


A | rra innos a o +| 
X “(t))1 — ep | | 3 me sl 


i 
| 
i la o JI 


(12 ) 


where x* =mx [0,x], ®(x) and ® '(x) denote the normal distribution and inverse 


distribution functions respectively. 
Proof: see [3]. 


Definition 3: The Tce ** (+) at confidence level 1 — a is defined as: 


TCE “"(1) = Efx “(|X “Cr+ 7) 2 VaR “7 )) 


(XR se i 


(13) 





1 
= —E} (X^ -X^(t+r)) 
a -Q*(t) 


where (4) is the indicator function of the set A. In other words, the Tail Conditional 


Expectation of wealth x ^t) at time; is the conditional expected value of the loss 
exceeding - 9“ r). Again, given the log-normal distribution of asset returns, the TCE can 


be explicitly computed as seen below. 


Proposition 2: The computation of the Tail conditional Expectation is [3]; 


+ 


[ (r+ on" (t)A-v)e. 


TCE ““(t) = X|a@ -exp | (14) 
o (o ` (a)- or" 0r ] 


4. STATEMENT OF OPTIMAL PROBLEMS 


Now we consider the problem of an investor who starts with an endowment x (t) 
and must select an optimal investment and consumption to maximize (over all 


admissible (z (1), v(t))), the expected discounted logarithmic utility of terminal wealth at 


a 


time 7 and consumption over the entire horizon[0,T ]. The Tce “*(r) risk measure is no 


larger than some pre-specified levelp°(X,t)20 where p°(X,t)20 is thus defined as 
some risk bound. 
In mathematical terms, the final stochastic optimal control problem with TCE 


(T-t) 


i eea 
constraint is: Max Ef grag (c(s))ds +e Log (X (T)) | 
C 


(z,v)eA i} 


(15) 
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subject to the wealth differential 
dX (t) = X [(r+ or A-vat + ot “(raw (1)| (16) 
and the TCE constraint 
TCE “*(t)< p*(X,t)Vte[0,T | (17) 


Here,z, denotes the expectation operator at times given the wealth process with 
respect to the admissible control strategies. The value function is logarithmic which 
yields to very clear explicit results. s > ois the rate of discount of consumption and 


terminal wealth [13]. 


Remark 1 
The expression for TCE in (14) implies that a portfolio satisfies the constraint 


a,x 


TCE OG) < p°(X,t)v tel0,T] 


if and only if: 





Log (= a (r + OT Ta -vik - 


Log o (o (a) - or "Ar)<o 


It can be verified that (18) is equivalent to: 


tos [a Ea fz m ck 
\ 2 ) 


(18) 





X 
1 


eb ° (a)-0(a)or" Nr <0. (19 ) 
2 


We see that (19) is quadratic and satisfies an upper and lower bound on the fraction 
z(t) allocated to the risky asset which is 


m (x,t) Sa(t) < a (x,t) 


Hence, 


aafr + ® '(a)tZ 
INE (20) 





nm (x,t) = 


where 








tee |) 
a ir rea ea | | 


1 22 
|- re +v +—Ọ (a) | 
2 


We therefore rewrite the stochastic control problem in equations (15) - (17) as 


7/11 
DYNAMIC OPTIMIZATION OF PORTFOLIOS WITH TAIL CONDITIONAL EXPECTATION CONSTRAINTS 


Max EA Be Orage (c(s))ds + e Frog (x (T)) (21) 


(z,v)eA 0) 
s.t 
dX (t) =X (r+ o A-vat + ot aw o) (22) 


with the constraint 
"(X,t 1 

Log (e a i G E a ed 
2 


1 
be a on Nr <0. 
2 





In what follows we state; 


THEOREM 1 
Let s(x ,t) denote the value function for the stochastic control problem of (21) - 
(23) and let 





j ele + © '(a)tZ (24) 
i kive 
where k =o(o0") 4,0 =v, then £'(x,t)20 for all (x ,t)e(0,%)x[0,T] and z solves the 


HJB-equation 











JE RPS k| —Log J, -1 
-1 
if J. <p J. <8 
i < ; < 
oJ =; xJ vx (25) 


2 





J+ sakapti) ar ke 





-Log 0 -1 otherwise 
with terminal condition as 

J(X,T)= Log X,. (26) 
letting 





(27) 


xJ (X,t) 
the optimal investment strategy becomes 
z(X,t)= B(X,t)(oo")'A (28) 
and the optimal consumption given as 
v(X,t)=0(X,t) (29) 
so that 
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c(X ,t) = O(X, t)X (29a) 
solves (21) - (23). 


Proof 


In applying the dynamic programming approach, we solve the HJB equation 
associated with the logarithmic utility maximization problem of equation (21). Defining 
the value function 


T 


J(X,t) = Sup Ef BOY Log (c, )ds + ge Log (x2) (30) 


(m,c)EA 


Following [11], we deduce the corresponding HJB equation as: 





1 2 
J (xfr ton" a) +J, +—S x’ lon” -] 
v20,7eR | Log (vx) -J vx | 
subject to the terminal condition 
J(X,T)= Log X,. (32) 


where the subscripts on J denote the derivatives and x = x “(r) the wealth at time +. 
In solving the HJB-equation (31), subject to the Tail Conditional Expectation 
(TCE) constraint of (23), we reduce the HJB-equation (31) to a non-linear Partial 


Differential Equation (PDE) of J only. We therefore apply the method of Lagrange 
function to impose the risk measure as: 


L({z,v.y)= J (x (r+ on 71) + J, rt ee EN + 
2 


(33) 
Log (vx) -J vx -y (TCE 4 <p* (x.r)) 
so that by substitution of (23) for the TCE constraint, we have: 
L(z,v,y )= J (x(r+or'h)) + J, arus o a + 
2 
ies | p = 
X 
(34) 


Log (vx) -J vx -y fig On "a -—(or ry Lg le + 
\ 








Where y =y (x,t) is the Lagrange multiplier. We therefore derive the respective 


first-order conditions with respect to admissible controls and Lagrange multiplier of the 
static optimization of (31) as: 
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ðL E" 
— =J XA + IX OO m+ 
On : ; ; (35) 
Ie a en t] 
ee aga J X-yYT (36) 
ôv v ; 
And 
Log (= i E ie on a -—(cn ) ee 
X \ 2 ) (37) 
Ea eee = 
2 
ee (e) = = tos [a -22 
Ow X 





2 2 (38) 
where (37) is called complementary slackness condition. 
Rearranging equation (35) gives 
[ ] a 
[J ax? “vf -9@) ve | jc =-[J x + yr co i) A. (39) 
L ua 


Since the terms in square brackets are scalar functions of(x,r), this implies that 
(24) must hold for some scalar function s [5]. Replacing the optimal strategies of 
equations (28)and(29with equation (38) gives 


Log (e | [x t (B ve ei + 
X N 2 J 





(40) 
1 


~% *(a)-@ “(a))pxlve <0 


which is equivalent to: 


Ba SBS Bis 


where f° is as defined in equation (24) and @ = 





xJ 
The complementary slackness condition is given as: 
y (x,t)H (x,t) =0 for y(x,t)= 0. 
By this, equations (35) and (36) and the complementary slackness condition (37) 
implies that: 
(J x° B +I x =0 (41) 


10/11 
EKUMA-OKEREKE AND OSU 








B(x,t)=-— (42) 
XJ 
O(x,t) = (43) 
XJ 
So that optimal strategies satisfies 
n(x.t)=B(x.1)(oo") A (44) 
v (x,t) =0(x,t) (45) 


Substituting the first order conditions into (31) gives the partial differential equation 
below 





1 Cai 


2 J XxX 


6h =J, +n), ees oor aes (46) 


If this PDE above has a solution (x ,r) such that the strategies defined by (44) and 
(45) are feasible, then we know from the verification theorem (see, [4]) that this 
strategy is indeed the optimal investment and consumption strategies and the function 
J(X,rt) is indeed the value function [10]. Problems with no utility from consumption i.e. 
Loge =0is of course optimal not to consume and it is relatively easy to see that the last 


two terms in the RHS of (46) will vanish and the equation simplifies to: 


2 
SJ = J, + nd, - PUS) al. 
Bis he 


OBSERVATIONS 





(47) 


From the analysis of the model above, and to further appreciate the implications of 
TCE constraints for optimal strategies, we consider below alternative or equivalent 
specification of the function »“(x ,t) which identifies the maximum admissible TCE of 
risk by the investor at any time ¢ e [0,7]. Notice that equivalent constraint on Tce for 
logarithmic utility is binding iff: 

log (æ - p“ (x,1)) < inf < BE (009). 


where p° >0 is as before defined as some risk bound. 

Moreover, it follows from (44) that the TCE-constrained optimal investment is a 
multiple of the market price of risk and its volatility. Following from the termino logy of 
[10], we refer to this multiple as the relative risk tolerance. 


5. CONCLUSION 

In this paper, we considered an optimal portfolio problem subject to TCE constraint 
using a combination HJB-equation and Lagrange Multiplier with a Logarithmic utility 
function. We derived explicit expressions for the optimal portfolio choice (investment) 
and consumption given that the complementary — slackness condition 
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y (x,t)H (x,t)=0 for y(x,t)2 0.We deduced from our observations that the constraint 
imposed such that £; < g < g ,reduces risky investment and that the TCE-constrained 


optimal investment is a multiple of the market price of risk and its volatility which is 
known as the relative risk tolerance in a risky markets. Also, we deduce that the optimal 
consumption strategy is to consume a time-varying fraction of wealth as seen from the 
theorem. 


REFERENCES 

[1] D. Akume, B. Luderer, and R. Wunderlich, Dynamic Shortfall Constraints for Optimal Portfolios. 
Surveys in Mathematics and its Applications, 5, 135-149. ISSN 1842 -6298, 2010. 

[2] P. Artzner, F. Delbaen, J.M. Eber and D. Heath, Coherent Measures of Risk. Mathematical Finance 9 (3), 
203-228. MR 1850791 (2002 d: 91056). Zbl 0980.91042, 1999. 

[3] D. Cuoco, H. He and S. Isaenko, Optimal Dynamic Trading Strategies with Risk Limits. Operations 
Research, 56 (2), 358-368 (April 1.2001). http://ssrn.com/abstract=563901, 2008. 

[4] W.H. Fleming and H.M. Soner, Controlled Markov Processes and Viscosity Solutions. New York, 
Springer-Verlag, 1993. 

[5] S. R. Jaschke, Quantile-VaR is the wrong Measure to Quantify Market Risk for Regulatory Purposes. 
Weierstrass-Institute, 2001. 

[6] P. Jorion, Value-at-Risk, The New Benchmark for Managing financial Risk, 24 Edition, McGraw-Hill 
Publishing Coy, New York 

[7] I. karatzas, J. P. Lehosczky and S. E. Shreve, Optimal Portfolio and Consumption Decision for a Small 
Investor on a finite horizon, SIAM J. on Control and Optimization, 25(6), 1557-1586, 1987. 

[8] C. Kluppelberg and S. Pergamenchtitov, Optimal Consumption and Investment for Logarithmic utility 
function with Bounded Capital at Risk. Available at www.m4.ma.tum.de/papers/, 2005. 

[9] R. C. Merton, Continous-Time Finance. Blackwell, Cambridge MA, 1992. 

[10] C. Munk, Dynamic Asset Allocation. Lecture Notes, University of Southern Denmark. 
mit.econ.au.dk/vip_htm/cmunk/noter/dynassal.pdf, 2010. 

[11] A. C. Okoroafor and E. E-Okereke, An Optimal Stochastic Investment and Consumption Strategies 
with Log Utility. Journal of Nigerian Association of Mathematical Physics, 17, 187-192. 
www.nampjournals.org/, 2010 

[12] B. O. Osu, The Price of Asset - liability Control under Tail Conditional Expectation with No 
Transaction Cost. British Journal of Mathematics & Computer Science 1 (3): 129 - 140. 
www.sciencedomain.org, 2011 

[13] T. Pang, Stochastic Portfolio Optimization with Log Utility. Ph.D. thesis, Department of Mathematics, 
North Carolina State University, w4.ncsu.edu/~tpang/pang_IJTAF.pdf, 2005. 

[14] K. F. C. Yiu, S. Y. Wang and K. L. Mak, Optimal Portfolios under a Value at Risk Constraint with 
Applications to inventory control in supply chains. J of Industrial and Management, 4(1), 81-94. 


www.aimsciences.org/journals/displayArticles.jsp?paperID, 2008. 


ENYINNAYA EKUMA-OKEREKE, DEPARTMENT OF MATHEMATICS, RHEMA UNIVERSITY, ABA, NIGERIA 
BRIGHT 0.O0SU, DEPARTMENT OF MATHEMATICS, ABIA STATE UNIVERSITY, UTURU, NIGERIA 


